Intersection Distribution and Its Application

Shuxing Li

Simon Fraser University
Supported by PIMS Postdoctoral Fellowship

Joint work with Gohar Kyureghyan and Alexander Pott

Combinatorial Designs and Codes
July-14-2021

Shuxing Li (Simon Fraser University) Intersection Distribution



Shuxing Li (Simon Fraser University) Intersection Distribution



intersection distribution

feFq[x] (g + 1)-set S¢ in
the collective behaviour | J projective plane of order g:
of g polynomials i | how Sf interacts with
{f(x)+cx|ceFq} lines in the plane
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Point sets in projective planes and polynomials over finite fields

When q is a prime power, PP(q) can be derived from finite field Fy. J

((1,1,0))

(0,1,0))  ((1,0,1))  ((1,1,1))
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Point sets in projective planes and polynomials over finite fields

well-behaved (g + 1)-set in PP(q) ]
((1,1,0))
((1,0,0)) ((0,0,1)) oval: a (g + 1)-set meeting all lines
(0,1)1)) of PP(q) in either 0 or 1 or 2 points.J

((0,1,0))  {(1,0,1)) ((1,1,1))

~ /

. e .
affine part on infinite line

Se={{(x, f(x),1)) | x € F2} U{((0,1,0))}, where f(x) = x? over Fy. J

well-behaved ) . well-behaved
(g + 1)-sets in PP(q) ~ " polynomials over [Fgq
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Oval polynomials and intersection distribution

p prime, g = p, list of polynomials f over IF; such that S¢ is an oval in
PP(q).

e p odd, x?
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Oval polynomials and intersection distribution

p prime, g = p, list of polynomials f over IF; such that S¢ is an oval in
PP(q).

e podd, x?

@ p = 2, oval-polynomial (o-polynomial)
(1) X2, ged(i,m) =1

(2) x® m odd

(3) x¥ 42 m=4k -1

(4) X272 k41

(5) x32H m=2k—1

(6)
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Oval polynomials and intersection distribution

p prime, g = p, list of polynomials f over IF; such that S¢ is an oval in
PP(q).

e podd, x?

@ p = 2, oval-polynomial (o-polynomial)
(1) X2, ged(i,m) =1

(2) x® m odd

(3) x¥ 42 m=4k -1

(4) X272 k41

(5) x32H m=2k—1

(6)

f € Fom[x] is an o-polynomial if and only if

(1) f is a permutation polynomial,
(2) f(x)— bx is 2-to-1 for each b € F5,,.
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Oval polynomials and intersection distribution

f is an o-polynomial if and only if f is a permutation polynomial and f(x) — bx is
2-to-1 for each b € 3.

Example (Intersection distribution)

x? is o-polynomial over Fy, where F4 = {0, 1, a, a?}.

(x| x € Fy} = {0, 1,0, 02} TUPIMe 19 (4 times)}

1} multiplicities

{x? — x| x€F,} ={0,0,1,
{x? —ax| x € F4} ={0,0,0?, 0}
{x?> —a?x | x € Fy} = {0,0,q,a}

{0 (2 times), 2 (2 times)}
multiplieiies, 10 (2 times), 2 (2 times)}
{0 (2 times),2 (2 times)}

multiplicities

the intersection distribution of x?: vp(x?) = 6, v1(x?) = 4, wa(x?) = 6.
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Oval polynomials and intersection distribution

f is an o-polynomial if and only if f is a permutation polynomial and f(x) — bx is
2-to-1 for each b € F3,,.

f satisfying
. . vo(f) = 443
f is an o-polynomial w(f)=gq
¢ va(f) = q(q2—1)
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Oval polynomials and intersection distribution

Definition (Intersection distribution)

The intersection distribution of f € Fg[x] is a sequence (vi(f))7_,, where

vi(f) = [{(b,c) € IF?, | f(x) — bx — ¢ = 0 has exactly i solutions in Fg}|.

f(X) X2,f(X2)

Geometric interpretation

x3, F (3" The graph of f: {(x, f(x)) | x € Fq}.
(o, Abol—" x5 f(xs) vi(f): number of non-vertical lines
xt, fi(x1) intersect the graph of f in exactly /i
xa, f(xs) points.

Xo X1 X2 X3 X4 X5 X
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Oval polynomials and intersection distribution

Proposition (Li and Pott (2020))

{Vi(F) |0 < i< q} < {ui(Sr) |0<i<q+1}.

{ui(S¢) | 0<i<q}
ui(Sr): number of

" lines in PP(q) intersecting
S¢ at exactly i points

|

{vi(f)|0<i<q}

A~
L

f e Fqlx] (g + 1)-set S¢ in
the collective behaviour | J projective plane of order g:
of g polynomials | | how Sf interacts with
{f(x)+cx| celFg} lines in the plane
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Intersection distribution of degree three polynomials

characterization of characterization of x?-like polynomial
o-polynomial = (polynomial with the same
intersection distribution as x?)

The next simplest case: characterization of x3-like monomial. J
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Intersection distribution of degree three polynomials

Theorem (Kyureghyan, Li, and Pott (2021))

q a power of prime p. Let f(x) = x> — ax? be a polynomial over F,,.

vo(f) | w(f) | w(f) | ws(f)
q*—1 ?—q+2 qg—1 q2—2q+2

p#3 3 2

P=314ag-1) | aet)) | o | ala=D)
a=0 3 2 0
p:?’ q° q(g-1) q q(q-3)
a#0 3 2 0

v
Corollary

Let q be a prime power and f arbitrary degree three polynomial over IF.
We know the number of lines in PP(q) intersecting S¢ in 0, 1, 2 and 3
points.
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Intersection distribution of degree three polynomials

Theorem (Kyureghyan, Li, and Pott (2021))

q a power of prime p. Let f(x) = x> be over Fy.

w(f) | wvi(f) | va(f) | wvs(f)
p+#3 G>—1 q2—2q+2 qg—1 q?—3g+2

3 6
— q(g=1) | gq(q+1) q(g—1)
p=3| 55— | T~ 0 6
Some necessary conditions of x3-like monomials have been derived. J
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x3-like monomials

Conjecture (Kyureghyan, Li, and Pott (2021))

Up to taking the inverse, all x3-like monomials over Fg=Fpm:
o When p =2,
o d=2 +1, ged(i,m) =1,
o d=-2" (mod 2™ — 1), ged(i,m) =1, m odd.
e When p > 3,
o d=3,
e When p =3,
o d=3" ged(i,m) =1,
o d=3mN/2 12 m odd (confirmed up to m = 13),
o d=2-3""141, m odd (confirmed up to m = 13).

For x2-like monomials: 1) p = 2, o-monomials, 2) p > 2, x2. J
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x3-like monomials

Theorem (Li, Li, and Qu (preprint))

The two conjectured families of x3-like monomials x¢ over F3m have been
confirmed:

o d =3mt1)/2 L 5 m odd,
e d=2-3"141 m odd.

These two families are analogies of the o-polynomials in characteristic 3. J
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Application to Steiner systems

Steiner triple system form x3-like polynomials

f is a x3-like polynomial over F3m

point set: F3m

block set: {x1,x2,x3} is a block < (x1, f(x1)), (x2, f(x2)), (x3, f(x3))
three collinear points on the graph {(x, f(x)) | x € Fam}.

f(X) X4, f(X4)

x3, f

(%0, fi(x0) Y x2,

Xl,f

X5, f(X5)

Xg X1 X2 X3 x4 X5 X
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Application to Steiner systems

x3 over F3m, m odd

classical Steiner
triple systems
over 3™ points

X3(m+1)/2+2
x2:3" 41

over F3m, m odd
over F3m, m odd

Steiner triple systems
over 3™ points
for each odd m > 3

new when m € {3,5}
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