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Butson Hadamard matrix

A matrix H € M,(((x)) is a Butson Hadamard matrix of order n and
phase k if fulfils
HH* = nl,,

where [, denotes the identity matrix of order n and H* denotes the
conjugate transpose of H. Let BH(n, k) be the set of such matrices.

The Fourier matrices F, = [41(1;—1)(1'—1) 7i=1 € BH(n, n).
1 1 1 1 e 1
16 ¢ g - g
2(n—1
F-|t ¢ ¢ ¢ e Gty
].- Cg_l Cﬁ(n—l) Cg(n—l) o Cr(1n_1.)(n_1)
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Logarithmic form

The following is a matrix H € BH(4,8), displayed in logarithmic form

0000
02 46
LH) =10 4 0 4
06 4 2
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Butson Hadamard code

Given H € BH(n, k):
o Fpy is the Zg-code consisting of the rows of L(H).
o Cy is the Zy-code defined as Cy = U (Fy + al).
€Ly
The code Cy over Zj is called a Butson Hadamard code.

Example

Fv = {[0,0,0,0],[0,2,4,6],[0,4,0,4],[0,6, 4,2]},

[0,0,0,0], [0,2,4,6], [0,4,0,4], [0,6,4,2],
[1,1,1,1], [1,3,5,7], [1,5,1,5], [1,7,5,3],
[2,2,2,2], [2,4,6,0], [2,6,2,6], [2,0,6,4],
[3,3,3,3], [3,5,7,1], [3,7,3,7], [3,1,7,5],
[4,4,4,4], [4,6,0,2], [4,0,4,0], [4,2,0,6],
[5,5,5,5, [57,1,3], [51,51], [5,3,1,7],
[6,6,6,6], [6,0,2,4], [6,2,6,2], [6,4,2,0],
[7,7,7,7], [7,1,3,5], [7.3,7,3], [7,5,3,1]

Ch
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Propelinear structure

Group of all isometries of Zj:

Aut(Z}) ={(o,7): o =(01,-..,04), 0; € SymZy, 7 € S, }

Definition

A code C of length n over Z has a propelinear structure if for any
codeword x € C there exist ox = (0x,1,- - -,0x.n) With ox; € SymZx and
mx € S, satisfying:
(i) (ox,mx)(C) = C and (ox,7x)(0) = x,
) ify € C and z = (ox, mx)(y), then (04, 7;) = (0x,7x) © (0y, 7y).

(ii
@ RIFA J., BasarT J.M., HUGUET L., On completely regular propelinear codes, Lecture Notes in Computer Science 357, pp.
341-355 (1989).

BORGES J., MOGILNYKH 1.Y., RIFA J., SOLOV'EVA F., On the number of nonequivalent propelinear extended perfect codes,

Electronic J. Combinatorics 20, pp. 1-14, 2013.
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Propelinear code

Assuming that C has a propelinear structure, then a binary operation
can be defined as

x*y = (ox,mx)(y) forany x,y € C.

(C, ) is a code which is also a group: propelinear code.
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Full propelinear code

Definition

A full propelinear code is a propelinear code C such that for every
a € C, 0,(x) = a+x and m, has not any fixed coordinate when a # al
for o € Zy. Otherwise, m, = Id,.

@ RIFA J., SUAREZ E., About a class of Hadamard propelinear codes, Electronic Notes in Discrete Mathematics 46, pp. 289-296

(2014).
@ ARMARIO J.A., BAILERA L., EGAN R., ized H. full propelinear codes, Des. Codes Cryptogr. 89, pp. 599-615
(2021).
Butson Hadamard code Butson Hadamard full
+ = propelinear code
full propelinear code (BHFP -code)
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Kronecker product of Fourier matrix

Let p be a prime number. If L(D) = [xy "], yezy, then D € BH(p", p). In
fact D is the n-fold Kronecker product of the Fourier matrix of order p.
p=3,n=1andn=2
0 000OO0OO0OTO0OTU 0O
01 2 01 2 01 2
0 210 210 21
0 0 O 000 1112 22
01 2], 0 1 2120 2 01
0 2 1 0 21102210
0 00 2 2 2111
0 1 2 201120
0 2121010 2

When p = 2 this is the Sylvester Hadamard matrix of order 2".
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Recursive matrices

s: positive integer; ti, to, ..., ts: non negative integers with t; > 1
Attt s defined recursively according to the following algorithm
(t,t5,...,t) « (1,0,...,0)
Al,O,.A.,O — [0]
for i=1 until s do
while t/ < t; do

A Afts
t et/ +1
r A A A
ety . i i .
Al — A 0 i—1 1 pl—l (p571+1 _ 1) pl—l
end while
end for

@ PinNawaLAa N., Rao A., Cocyclic simplex codes of type o over Zy and Z25, |IEEE Trans. Inf. Theory 50, pp. 2165-2169 (2004).
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Recursive matrices

s: positive integer; ty, to, ..., ts: non negative integers with t; > 1
Attt s defined recursively according to the following algorithm
(t,t5,...,t0) « (1,0,...,0)
Al,O,.“,O — [0]
for i=1 until s do
while t/ < t; do

A(—At{"“’ts,
t—t/+1
/ / A A ... A
tl ..... ts J— ) ) . A
A — A; 0- p|—1 1. pl—l o (ps—l+1 _ 1) . pl—l
end while
end for

For p =2 and s = 3. We have

0
1,10 _
ALLO _ [ 0

N O

0

00:| 1,1,1
, AWML= 0
4 6 0

o N O
o B~ O
o o O
~ O O
AN O
>~ » O
>~ O O
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Theorem

Let n = pstit(s=Det+t=s and | (H) be the n x n matrix whose rows
are the n possible linear combinations (with coefficients in Zs) of the
rows of Attt Then, H € BH(n, p®).

Proposition

| A

Let n = pstit(s=Dtt+t=s and | (H) be the n x n matrix of the previous
theorem. Then, H is equivalent to

(Fo)® ® (F)® ' ® ... ® (Fpe-1)? ® (Fps) ™!

where Fs—; denotes the Fourier matrix of order p°~J embedded in

BH(p*™, p*) using that (ps—i = C,‘,’i, and (M)" denotes the r-fold
Kronecker product of the matrix M.

A\
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Zps-additive codes

Taking AL0:+-0 = [1] instead of [0]
Attt s 3 generator matrix for a Zps-additive code of type
(n;ty,...,t;) where n = pstit(s—Det.tt=s

o Forp=2

@ FERNANDEZ-CORDOBA C.,VELA C., VILLANUEVA M., On Z25 -linear Hadamard codes: kernel and partial classification,
Des. Codes and Cryptogr. 87, pp. 417-435 (2019).

@ KROTOV D.S., Zy-linear Hadamard and extended perfect codes, International workshop on coding and cryptography,
ser. Electron. Notes Discret. Math. 6, pp. 107-112 (2001).

@ Krorov D.S., On sz -dual binary codes, IEEE Trans. Inf. Theory 53, pp. 1532-1537 (2007).

o For p#£2
@ Sur M., Wu R., Krorov D.S., On ZPZPk -additive codes and their duality, IEEE trans. Inf. Theory 65, pp. 3841-3847
(2019).

The codes associated to these matrices are denoted by H» %,

Proposition

For t; > 0, every H'»>% js a BH-code where the Butson Hadamard
matrix is a Kronecker product of Fourier matrices.
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Generalized Gray map

Let L(D) = [XyT]X’yGZIs’—l, then D € BH(p*™ 1, p).

Label the rows of L(D) in the order 0,1,...,p" 1 — 1.
Let [L(D)]; denote the row of L(D) labeled by /.

s—1
®p : Zpe — L
&p(x) = [L(D)]o+ a1, x=ap* ™+ b.

o Forp=2
@ CarveT C., Z2k -linear codes, IEEE Trans. Inf. Theory 44, pp. 1543-1547 (1998).
o Forp>2

@ SHE M., Wi R., KRoTOV D.S., On Zp7  -additive codes and their duality, IEEE trans. Inf. Theory 65, pp. 3841-3347
(2019).
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Given H € M,({Cps)), we write L(H®#) for the entrywise application of
®, to

L(H) + (;;5—1 —1)J

where J denotes the n x n matrix of all ones. Then H®» is the
corresponding matrix in M,,,.-1(((p)).

If H € BH(n, p®), then H®» € BH(np*~1, p).

The image of any BH-code over Zps of length n by ®, is a BH-code over

Z, of length n- p*~!

dy = np*=2(p—1).

and minimum Hamming distance
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Let kK = p*m where p does not divide m.
Recall that every element x € Zj can be written uniquely as
x =ap®+ bm mod kforsome0<a<m-1land0<b<p°—1

s—1

\UP . Zk — ng
V,(x) = md,(b) + apl
Given H € M,({Cx)) where k = p*m, we write L(H"?) for the entrywise
application of W, to

L(H)
L(H) +mJ
L(H) +2mJ

L(H) + (p>* — 1)mJ

Then HY» is the corresponding matrix in M ,ps—1({(om))-

If H € BH(n, k) where k = p*m, then HY» € BH(np*~%, pm).
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Repeated application of W, for all primes p dividing k gives the following.

If H € BH(n, k) where k = pi* - - - p&', then HY € BH(nk/(, ) where
b=p1---p,and W=V, .- -V,

@ O CaTHAIN P., SwWaRrTz E., Homomorphisms of matrix algebras and constructions of Butson-Hadamard matrices, Disc. Math.
342(12), 111606 (2019).

Proposition

Let H € BH(n, p°m) with p a prime not dividing m. Let d be the
minimum Hamming distance of Cy. Then the minimum distance d’ of
V(Cy) is in the range d(p — 1)p*=2 < d’' < dp*~L.
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Proposition

Given € Z3(G, (Gi)) and x = G} [(g. &) ... (g, )] for a fixed
orderin G = {g1 = 1,8,...,8,}. Define 7y € S, so that m 1(j) = k
where g = ggj. Then

@ x+m(y) =G (h, &) [(hg, &), . ., ¥(hg, &n)] where + means
the componentwise product and 'y = (}/ [¢(h, g1), ..., ¥ (h, gn)].

@ Typmy(y) = Tx(Ty)-

| A,

Corollary

Let 1 € Z2(G, (Ck)) and Hy, € BH(n, k). Then the corresponding
BH-code Cy, is a BHFP-code where x xy = x + mx(y) for all x,y € Cy,,.

Let Cy be a BHFP-code of length n over Zy coming from H € BH(n, k),
where H is row and column balanced. Then H is cocyclic.
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Example

Considering H'''1, the Zg-additive code of length n = 8 associated to

coococoooo
oORANOORANO
rOPON~ODPO
NROONDOO
A MDD POOOO
NOO RO BANO
orOPS~PrODPO
coOoONRPNPOO

Then, it can be endowed with a full propelinear structure with the
group of permutations I = Zy x Z4 generated by 7y and 7, where

x=[0,2,4,6,0,2,4,6], y =[0,0,0,0,4,4,4,4],
Tx = (17 47 3a 2)(55 87 77 6)v 7Ty = (17 5)(27 6)(3v 7)(47 8)

The full propelinear code is a group
(HYYY %) 2 Zg X Zg X 7o = (x,y,1 | x® =0, y> = 1% =x*).
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Full propelinear codes via the Gray map

Theorem

Let m be an odd positive integer, and let C C Zj,,, be a full propelinear
code. Then the code C' = V,(C) is full propelinear with group structure
(€, +) = (C,%).

| A\

Corollary

Let m be an odd positive integer, and let H € BH(n,4m). If the
BH-code C obtained from H is full propelinear with group structure G,
then the BH-code C' obtained from HY> is full propelinear with group
structure G' = G.
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Example

Let #3° be the BH-code associated to F, ® F4 € BH(16,4) and H3 be
its image by the Gray map which is known to be a non-linear code.

130 is full propelinear, with permutation group Z2 generated by 7, and
my where

x=1[0,1,2,3,0,1,2,3,0,1,2,3,0,1,2,3],

y =1[0,0,0,0,1,1,1,1,2,2,2,2,3,3,3, 3],
m = (1,4,3,2)(5,8,7,6)(9,12,11,10)(13, 16, 15, 14),
my = (1,13,9,5)(2, 14,10,6)(3,15, 11,7)(4, 16, 12, 8).

H39 can be endowed with a full propelinear structure with permutation
group (T, (x), Tw,(y)), Which is non-abelian of order 32.
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Example

T, (x) = 77674)(278a5a3)(9’ 15,14, 12)
8

,16,13,11)(17, 23, 22,20)(18, 24, 21, 19)
,31,30, 28)(26, 32,29, 27),
,25,17,9)(2, 26, 18,10)(3,28, 19, 12)
1)(5, 29, 21, 13)(6, 30, 22, 14)
6

(62 B e g

e 27,20, 11)(
7,32,23,16)(8, 31,24, 15).

The groups (H3*0,x) = (H*?, ') are isomorphic to Zy x Z4 X Zg.
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Conclusions

o We introduce a new morphism of Butson Hadamard matrices
BH(n, k) — BH(nk/¢,¢) through a generalized Gray map on the
matrices in logarithmic form.

s—1
Y, Ty — 7P,

V,(x) = md,(b) + apl

o We give an equivalence between cocyclic Butson Hadamard matrices
and BHFP-codes.

o We find that for the special case V; : Zy,, — ng, we can construct
an isomorphism between the groups of codewords C and
C' = Wy(C), and determine the group operation +" so that
(C,%) = (C',¥).
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