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Let F; be the field of order g, where g is a prime power. A code C over
Fq of length n is any subset of Fg.

A k-dimensional subspace of Fg is called an [n, k] g-ary linear code.

An element of a code is called a codeword.

If g =2, then the code is called binary.

The weight of a codeword x € Fj is the number of non-zero coordinates in
X.

Binary linear codes for which all codewords have weight divisible by four
are called doubly even.
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Let C be a binary linear code of length n. The dual code C*+ of C is

defined as
Ct={xeF5| (x,y)=0forally € C},

where (x,y) = x1y1 + Xoy2 + - - + Xpyn (mod 2) for x = (x1, %2, ..., Xn)

and y = (y1,¥2,- -+ ¥n)-
The code C is self-dual if C = C+.

A self-dual doubly even binary code is called a Type /I binary code.
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Let Z4 denote the ring of integers modulo 4. A linear code C of length n
over Zy (i.e., a Zs-code) is a Zs-submodule of Zj.

Two Zy-codes are equivalent if one can be obtained from the other by
permuting the coordinates and (if necessary) changing the signs of certain
coordinates.

Denote the number of coordinates i (where i = 0,1,2,3) in a codeword

x € Zj by nj(x). The Hamming weight of a codeword x is

wtp(x) = n1(x) + na(x) + n3(x), the Lee weight of x is

wty (x) = ni(x) + 2n2(x) + n3(x) and the Euclidean weight of x is

wte(x) = n1(x) + 4na(x) + n3(x).
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Let C be a Z4-code of length n. The dual code C* of the code C is
defined as

Ct={xeZj| (x,y)=0forall y € C},
where (x,y) = x1y1 + x2)2 + + -+ + Xayn (mod 4) for x = (x1,x2, ..., Xn)

and y = (}/1,)’2a s ayn)-
The code C is self-orthogonal when C C Ct and self-dual if C = C+.
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Type Il Z4-codes are self-dual Z4-codes which have the property that all

Euclidean weights are divisible by eight.
Type IV Zg4-codes are self-dual Z4-codes with all codewords of even

Hamming weight.
A Type IV code that is also Type Il is called a Type V-1l Z4-code.
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Every Z4-code C contains a set of k; + ko codewords
{c1,¢2,. .., Chkys Cky+15 - - - » Chy+ky ; SUCh that every codeword in C is
uniquely expressible in the form

ki+ko

Za,c, + Z ajc;,

= k1+1

where a; € Z4 and ¢; has at least one coordinate equal to 1 or 3, for
1 <i< ki, aj € Zy and ¢; has all coordinates equal to 0 or 2, for

ki +1<i<k +ko.

We say that C is of type 4k12k2,

The matrix whose rows are ¢;, 1 < i < ky + ko, is called a generator
matrix for C.
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A generator matrix G of a Z4-code C is in standard form if

Ik1 A B+ 2B,
0 2, 2D |

where A, By, B, and D are matrices with entries from Z,, O is the ko x kq
null matrix, and /,,, denotes the identity matrix of order m.

G =
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Let C be a Z4-code of length n. There are two binary linear codes of
length n associated with C: the binary code

C® = {c (mod 2)| c € C},
which is called the residue code of C, and the binary code
C@® ={cez|2ce C},

which is called the torsion code of C.
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A Boolean function on n variables is a mapping f : F5 — [F».
The Walsh-Hadamard transformation of f is

Wr(v) =D (~1)f T,

x€Fj

A bent function is a Boolean function f such that W(v) = +22, for every
v e [F5.
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A generalized Boolean function on n variables is a mapping f : F5 — Zos.
The generalized Walsh-Hadamard transformation of f is

fv) =2 D™,
x€F;

2mi
where w = e 2.
A generalized bent function (gbent function) is a generalized Boolean
function f such that |f(v)| = 22, for every v € FJ.
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Theorem (K. U. Schmidt, 2009)

Let m > 3 be odd, and let a, b : IF'Z"_I — F»> be bent functions. Then
f : FJ' — Z4 given by

f(x,y) =2a(x)(1 +y) +2b(x)y +y, x e F3~ 1y € Fy,

is a gbent function.
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Theorem 1 (SB, S. Rukavina, 2021)

Let m > 3 be odd, and let a, b : IF"z"_l — F»> be bent functions. Let
f : F)' — Z4 be a gbent function given by

f(x,y) = 2a(x)(1 +y) + 2b(x)y +y,
X € ]Fg’_l, y € Fy, and let ¢f be a codeword
(F((0,...,0)),f((0,...,0,1)),...,f((1,...,1))) € Z4m.

Let Cr be a Z4-code generated by the 2™ x 2™ circulant matrix whose
first row is the codeword cs. Then Cr is a self-orthogonal Z4-code of
length 2™ and all its codewords have Euclidean weights divisible by 8. The
residue code of C¢ has dimension 2.

v
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Theorem 2 (SB, S. Rukavina, 2021)

Let Cr be a Zg-code of type 422k constructed as in Theorem 1. Let G be
a generator matrix of Cy in standard form. Let k3 = 2™ — 22 — k> and let

D=[0 2 H]

be a k3 x 2™ matrix, where O is the k3 X (ko + 2) null matrix and H is a
k3 X 2 matrix whose rows h;, 1 < i < k3 are defined as follows.
If k> is odd, then

b — (0,2), if iis odd
" (2,0), ifiiseven

If k> is even, then

(2,0), ifiis odd
(0,2), ifiiseven
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~ ~ G
(i) The code Cr generated by the matrix G = [ 5 ] is a Type Il

Z4-code of length 2.
(i) If m > 5, then E; is a Type IV Z4-code.

(iii) Up to equivalence, Cr does not depend on the choice of bent
functions a and b.
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Theorem 3 (SB, S. Rukavina, 2021)

Let a be a Type Il Z4-code of length 2 for odd m, m > 3, constructed
as in Theorem 2, and let (Aj, ..., A5m) be the weight distribution of its

torsion code a(z). Then:
(i) Cr has Euclidean weight distribution (W, ..., WE,,,) with WE =0
for i # 0 (mod 8) and, for i divisible by 8, it holds

WE = A + s + 1,
1

(ii) if m > 5, then Cr has Lee weight distribution (W[}, ..., W2Lm+1) with
WL =0 for i £ 0 (mod 4) and, for i divisible by 4, it holds

WE= A, + s+ uj,
2
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where

6= 3(C) 5o )E)

for even j and A =0 for odd j, j =0,...,2™, and

si =

22"’—2, if j =2m
otherwise ’

(21—2’")/8 ’

= 9

{ 22Mm= 1 _2"’_1 ) if om—1 <i<5. om—1

otherwise

7

N

" 1 (2;2_,112;1)/4), 1 =" <;i<3. om—1

{ otherwise
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The Gray map ¢ : Z] — F3" is the componentwise extension of the map
Y : Zg — F3 defined by

$(0) =(0,0), ¥(1) = (0,1), ¥(2) = (1,1), ¥(3) = (1,0).

Theorem (S. T. Dougherty, P. Gaborit, M. Harada, A. Munemasa, P.
Solé, 1999)

If Cis a Type IV Zj4-code, then its Gray image is a Type |l binary code.

Corollary (SB, S. Rukavina 2021)

Let a be a Type Il Z4-code of length 2™ for odd m, m > 3, constructed
as in Theorem 2. Then ¢(C¢) is a self-dual binary code of length 2m*1. If
m > 5, then ¢(Cs) is doubly even.
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e (a,b) = (x1x2,x1 + x1x2)
Cr = 1-(8,5,5) design with 8 blocks and block intersection numbers 2
and 4 = the block intersection graph G; is a SRG with parameters
(8,4,0,4)
C+ = 1-(8,4,2) design with 4 blocks and block intersection numbers 0
and 2 (an affine resolvable 1-design)

e (a,b) = (x1x2 + x1x3 + XoX4, X1X2 + X3X3)
C#+ = 1-(32,8,7) with 28 blocks and block intersection numbers 0 and 4

(an affine resolvable 1-design) == the block intersection graph Gy is a
SRG with parameters (28, 15,6, 10)
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Thank you!
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