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Classical Problem
©0000

Graeco-Latin squares (d = 3)

given {A, B, C} and {«, 3,7}

arrange them into Latin squares
(each row and column includes single symbol)

Al B|C alpB |y Ao | B, | Crn
ClA|Blu|pBl|lvy|lal|=|CB]|A~Y| B«
B|C|A ylal|pB B,v| C,al|A/®B

mix them — the last square contains distinct pairs (Latin, Greek)



Classical Problem
©0®000

Graeco-Latin squares

ranks and suits
{A B, C} - {AK,Q} and {a, 8,7} —> {#, &, &}

A® | K& | Qb
.=| Q# | A% | K¢
Kéo | Q¢ | As




Classical Problem
0000

Graeco-Latin squares e Existence Problem

take { A®, A® K& K¢ }

A% | Ko A% [ Ké

wiel ¢ el

Graeco-Latin squares
a. k. a.
orthogonal Latin squares (OLS) exist 2 3 % Vd e N\ {2,6}

2G. Tarry; Compte Rendu... 1: 122-123 and 2: 170-203 (1900)
3R.C. Bose, S.S. Shrikhande, E.T. Parker; Can. J. Math. 12: 189-203 (1960)
4C.J. Colbourn, J.H. Dinitz; J. Stat. Planning Inference 95: 9 (2001)



Classical Problem
0000

Euler's Problem (d

[...] The question revolves around arranging 36 officers
to be drawn from 6 different regiments so that they are ranged in a square
so that in each line (both horizontal and vertical)
there are 6 officers of different ranks and different regiments.”

— Leonhard Euler®

Ad K& Qe Jé 106 <L 3

Ad K& Q% Je 104 eL J

AY KY QY Jv 109 e} 4 ?
Ae Ké Qe Je 104 9
A K Qf Jf%  10% o

A% K% Q% Jk  10% 9%

5L. Euler; Recherches sur une nouvelle espece de quarres magiques (1779)



Approximate Solution

almost® OLS(6)

Ad | K& | Q8] JY | 10% | ok
Ké | AV | J% | Q% | 94| 104
Q% | J&| OV | 106 | A% | K%
J% | Qfe | 104 | o% | KY | Ae
0¥ | o6 | K¥| At | J&| Q4
Oft | 10% | Ad | K& | Q6| J¥

®L. Clarisse, S. Ghosh, S. Severini, A. Sudbery; Phys. Rev. A 72, 012314 (2005)




Quantum Realm
®0000

Classical to Quantum Transition

[ C: probability vector - Q: normalized complex state |vector) € H¢ ]

quantum Latin square’ of order d

= d x d array of elements of the Hilbert space H?
such that every row and every column is an orthonormal basis

0) 1) 2) 3)
[M-2) | 0)+2B3) | 200)+/3) | [1+2)
example: St ofmr T SE T Do
2 5 5 2
3) 2) 1) 0)
) (k+1) . . . L
ket |k) = & =[0,..., 1 ..., 0]T, e.g. i]0)+2/3)=[i,0,0,2]T eC*

"B. Musto, J. Vicary; Quant. Inf. Comp. 16: 1318-1332 (2016)



Quantum Realm
©0®000

Q1 and @2 are quantum orthogonal Latin squares (QOLS)
iff the pointwise inner product of any row from @ with any row from @Q»
yielding a single 1 and with the rest being 0

SO BB | nE TR
LIy [0y [3) |2 )13y [12) o
ample: Moy T3y (o) (1) |+ [12 [10) [0 [ B)

3) [ 12 [ 1) [10) 3) [0 [10) [ [2)

see: http://qpl2016.cis.strath.ac.uk/pdfs/3Musto.pdf jretrieved 2021-07-00/

X % k k 3k %k % %
question: are there QOLS(6)?

if so, there exists a solution to the quantum version of the Euler’s problem


http://qpl2016.cis.strath.ac.uk/pdfs/3Musto.pdf

Quantum Realm
[SleY Yelo)

Quantum Entanglement in QIT

@ entanglement = strong correlation between physical systems

o Ha®Hp =Has = {a® blsep. u{zjk 2 ® bk}

@ measures of entanglement... - maximally entangled states

o four-partite physical system S = Ag ® Bg ® C6 ® Dg  (local dimension = 6)
@ three possible (even) bi-partitions of four-partite system

A B A B A B
C D C D C D

(this originates from deeper physical consideration)

o Absolutely Maximally Entangled states
= maximally entangled w.r.t. every possible even bi-partition

e AME(4,6) - four subsystems with six degrees of freedom each

(four particles, each of 6 possible energy levels)



Quantum Realm
[sleTe] Yo)

AME(4,6) e Unitary Representation

evolution of (isolated) quantum system is governed by unitary operators

@ 4—partite system <> tensor structure of the form U(6) ® U(6)

o partial transpose (transpose within each block); UL, , = Uagcs
Bii | Biz | Bi3 | Bia | Bis | Big B | BL [ B | By | B | Bis
Bo1 | By | Bas | Boa | Bas | Bog By [ B% | B | By | B | B
UB36)s U= | L=
Bs1 | Bs2 | Bss | Bea | Bes | Bes Bsi | Be» | Bos | Bea | Bs | Bes

e reshuffling (exchange rows and blocks); U‘_f}x__d = Uzebd

m - U uiy - Uie S| ] | Uel v Uee
.11 1 next unfolded_ | - | - | - | - _block
: : next block .
R
U= Ust -+ Uge -
last block
last unfolded_ | _ | _ | - | - _block




Quantum Realm
ooooe

AME(4,6) e Semi-Analytical Algorithm

@ equivalent problem

A B

< T
C D U

U <—>UR

a >
S &

B
D

a >

o GOAL: find a matrix U such that

U eU(36), U" €U(36) and UR € TU(36)  (they are called 2-unitary)
@ numerics: non-linear contractive map Mg : C36x36 _ 36x36

Uo = appropriate seed (starting point)

iterative procedure:

UO E) U1 _R) U2 Polar Decomp U3 _) U4 _) U5 _) U6 IR Uoo

o for some seeds, map M converges to a 2—-unitary matrix U
@ local unitary rotations preserve 2—unitarity

(UA ® UB)U(ugly)(UC ® UD) = U(nice) for Ux € U(6)



Solution
®000

Absolutely Maximally Entangled State of Four Quhexes

[Ad) | [KY) | |oge) | [10%) | [JV) | [Q%)

[k4) |a#) [10%) [10%2) [9%) | [94) [104) |o&) | [q¢) [a¥) [7#) | |I%) |o%) |I%)
|94) | [104) | |J€) | |Qe) | [Ke) | |Ask)
[104) ov) |a%) [ag) [3%) |I%) A¥) [29) [KY) | [K*) |A%) [K)
[J%) | [Q%) | [AY) | [KSe) | [o%) | [109)
age) |74) [ke) |a%) |ade) [K*) [104) [9¢) [10¢) [9%)
|A) | [Kde) | [99) | [10%e) | |J4) @ [QV)

[Kg2) [Agr) [K%) | [A4) [Adk) [Ka

1109) [109) [o9) | [o%) [10%) [o%) | [a%) [0#) [34) | [1#) [as) [3¥)

O#) [[10%) | |Jd) | Q) | [K¥*) |Ae)
[10¥) lo%e) [a4) [a#) [34) l79) |Age) [A%) [Kd2) [Ke)
[J®) | Q%) | |Ke) A®) | [9%) @ [104)
lav) %) %) [a4) K&) | [KY) [AY) [k¢) [10%) [o%) [10%) [94)

o if every cell had only the largest |ket), the solution would be classical ##

@ officers come in pairs or double-pairs — entanglement!



AME(4,6)

Reconstruction Unitary

Solution
o000

U(36)

[Ade) | [KY) | [9%e) | |10%) | |JY) | |Q%¥)
[k#) [A¢) [10%) [10%) [9%) | [94) [104) [o%) | [Q¢) [Q¥) [I#) | [J*) [Q%) [I%)
|94) | [104) | |J€) | |Qe) | [Ke) | |Ask)
[10%) [9¥) Q%) [Q%e) [I%) |J%) [A¥) [A®) [KY) | [K¥) |A%) [K¥)
|J%) | |Qée) | [AV) | [KSe) | [9%) [109)
lq%e) ) ke) ) [104) [9¢) [10¢) [9%)
|A) | [Kde) | [99) | [10%e)  |J4) @ [QV)
[K¥e) [Ade) [K*) | [A%) [A%) [K4) | |10¢) [10Y) [94) | [9%) [10%) [9%) | [Q%) [Q4) [I%) | [I¢) [Q¢) [IY)
9#®) [[10%) | |Jd) | Q) | [K¥*) |Ae)
l10¥) lot) 08} [a%) |78) 1Y) |ase) [a%) [Ke) k%)
|J®) | Q%) | |Ke) A®) | [9%) @ [104)
lav) |3%) [A%) [Ad) [K#) | [KY) |AY) [ké) [10%) [9%) [10%) [94)

e for example (using ranks-suits or multi-indices)

FOW(1-1)x6+2 = 112) =

cwl’|A®) + cwl®KY) = cwl?|1) ® [4) + cw®|2) ® |3)




Solution
coeo

AME(4,6) as 2-Unitary Matrix

(1,1) (2,2) (1,2) (2,1 (1,3) (24) (14 ) (1,5) (2,6) (1,6 )
aw'® a bwl® buw® (6,3) aw? aw bw (2,5) aw aw® bw't bw'® (4.1)
c c (1,1) cw® | ew!® (3,3) aw aw® bw® bwt (3.4)
@ c (5,6) cw!™ cuw?® (1,2) bwt* buw'® aw® ad’ 2,6
bw!® b aw® aw'® (42) bw bw® aw® aw’ (64) bw? bw® aw® aw'® (55)
(3,1) (42) (3,2) 41 (3.3) (44) (34) (43 (3,5) (4,6) (3,6) (4.5)
aw? aw!® bwl” bW (4,5) a a bw'® bw!® (46) aw? a bw'® bw' (2.3)
cw? | cw® (32 c cw!® (6,1) cw' ¢ 6,2
cw!® cwb (2,4) c cwt® (5,4) cw® cw'® (3.1)
bw' bw'd aw!® a (5,3) b b aw® aw® (1,5) bw' bw'? aw  aw'® (1.6)
(5,1) (6,2) (5,2) (6,1) (5,3) (6,4) (54) (6.3) (5,5) (6,6) (5.,6) (6.5)
aw?® aw’ b b (1,4) aw? aw™ bw'® bw (3,6) aw® aw'® bw® bw® (1,3)
c cwl® (2,1) cw't cw!® (51 e cw'?
cw'® cuw’ (3,5) cw’ cw? (2,2) cw cuw't (6.,5)
bw® bw'® aw'® aw'® (6,6) bw bw' aw” |aw'® (4,3) bw'® bw'® aw®  aw® (4.4)
: 1 1
w =exp(i7/10 a = c=—= — bfa=
p(i7/10), L 2 o=




Solution
ocooe

AME(4,6) as 2-Unitary Matrix

@ https://chaos.if.uj.edu.pl/ karol/Maestro7/data2.html

Y = PR.AME46.PC;
{AME46 // MatrixPlot, Y // MatrixPlot}

LEFT: AME(4,6) as Unitary Matrix,

RIGHT: after permuting it reveals a block structure )

a3 [ ]

- | | I, 10 10 I;

n L il

16 /19



https://chaos.if.uj.edu.pl/~karol/Maestro7/data2.html

Comments
®00

Problems Solved

© (unexpected) existence of AME(4,6) state

@ —— 2-unitary matrix of size 36

© — two QOLS of size 6

@ — perfect tensor® with 4 indices {a,b,c,dy running from 1 to 6
o

— new classes of quantum error correction codes ((4,1,3))¢
and shortened variant ((3,6,2))e

QO — ..

8Tensor Taped is perfect if any of its flattening into a matrix of order (here) 62 is unitary.



Comments
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Problems to Solve

© understanding the algorithm

@ other AME states
http://www.tp.nt.uni-siegen.de/+fhuber/ame.html® jeuieved 20210700/

@ equivalence relation — families of AME(4,6)?
@ real (orthogonal) case

@ will it help to solve the 6-dimensional MUB Problem?
(Mutually Unbiased Bases in C°)

°F. Huber, N. Wyderka; Table of AME states


http://www.tp.nt.uni-siegen.de/+fhuber/ame.html

Comments

ooe

Thank You!
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