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Divisible design graphs

Definition 1.
A k-regular graph on v vertices is a divisible design graph with
parameters (v, k, λ1, λ2,m, n) if its vertex set can be partitioned
into m classes of size n, such that any two distinct vertices from
the same class have λ1 common neighbours, and any two
vertices from different classes have λ2 common neighbours.

The partition of a divisible design graph into classes is called a
canonical partition.

Any divisible design graph Γ can be interpreted as a divisible
design, by taking the vertices of Γ as points, and the
neighborhoods of the vertices as blocks.
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Divisible design graphs

Divisible design graphs were first introduced by three authors in
a very deep and important article in 2011.

[HKM] W.H. Haemers, H. Kharaghani, M. Meulenberg, Divisible
design graphs J. Combinatorial Theory A, 118 (2011) 978–992.

A total of twenty constructions and several conditions for
existence of divisible design graphs were found.

Walk-regular and thin divisible design graphs were studied in
2014.

[CH] D. Crnković, W. H. Haemers, Walk-regular divisible design
graphs, Des. Codes Cryptogr. 72 (2014), 165–175.
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Cayley graphs

Definition 2.
Let G be a finite group with the identity element e and S be a
generating set of G. If S is closed under inversion and does not
contain e, then Cayley graph Cay(G,S) is a simple graph with
the vertex set G in which two vertices x, y are adjacent if and
only if xy−1 ∈ S.

There is a simple example of a divisible design Cayley graph.
Let N be a proper subgroup of G. The Cayley graph
Cay(G,G \N) is a complete multipartite graph whose canonical
partition is the right cosets partition G by N .
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Divisible design Cayley graphs

The next proposition is a special case of Theorem 1.1. from
[KSh] and gives an important property of divisible design
Cayley graphs.

Proposition 1.

If Γ = Cay(G,S) is a divisible design graph, then the class of its
canonical partition which contains the identity is a subgroup N
of G, and the canonical partition of Γ coincides with the right
cosets partition G by N .

[KSh] V.V. Kabanov, L.V. Shalaginov, On divisible design
Cayley graphs, The Art of Discrete and Applied Mathematics 4
(2021) # P2.02
Also available at http://adam-journal.eu
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Construction of divisible design Cayley graphs

In this talk, we present the construction of divisible design
Cayley graphs, which was published in [KSh], and give new
version of this construction.
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Let q be a prime power.

Let the group G = K nN be a semidirect product of two
subgroups N and K, where N = Cq × · · · × Cq is the direct
product of r cyclic subgroups of order q and K be a cyclic group
generated by an element f∗ of order qr − 1 that acting without
fixed points on N .

If H is a cyclic group generated by f = (f∗)q−1, then
G = H nN is a group of order tqr, where
t = |G : N | = (qr − 1)/(q − 1) is the order of H = 〈f〉.

Consider the partition of G into right cosets of N and choose
{f i | i ∈ Z} as a set of t representatives for the cosets. Thus,

G =

t⋃
i=1

Nf i.
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Let’s consider N as a linear space of dimension r over finite
field Fq.

By the formula of Gaussian binomial coefficients, there are
exactly (qr − 1)/(q − 1) subgroups in N of order qr−1 which are
hyperplanes in the linear space.

Let M be the set of all these subgroups in N .
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Generating sets

Let’s fix the cyclical ordering of M = {M1,M2, . . . ,Mt} as
follows: Mi+1 = f∗Mi(f

∗)−1.
Let ϕ = [ϕ1, . . . , ϕt], where ϕi = ϕ(i), be a permutation of the
cyclical ordering on {1, . . . , t}.

Moreover, let
fϕ(i)Mi = {fϕ(i)a | a ∈Mi}

and
fϕ(i)(N \Mi) = {fϕ(i)a | a ∈ N \Mi}.
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Generating sets

We define a generating set S1 of G as follows:

S1 =

t⋃
i=1

fϕ(i)(N \Mi).

[2] V.V. Kabanov, L.V. Shalaginov, On divisible design Cayley
graphs, The Art of Discrete and Applied Mathematics 4 (2021)
# P2.02
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Generating sets

We define a new generating set S2 of G as follows:

S2 = (N \M1) ∪
t−1⋃
i=1

fϕ(i)(N \ aiMi),

where ai ∈ N \Mi.
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Construction of divisible design Cayley graphs

Theorem
Let S ∈ {S1, S2}. If S is closed under inversion, then
Γ = Cay(G,S) is a divisible design graph with parameters
(v, k, λ1, λ2,m, n), where

v = qr(qr − 1)/(q − 1), k = qr−1(qr − 1),

λ1 = qr−1(qr − qr−1 − 1), λ2 = qr−2(q − 1)(qr − 1),

m = (qr − 1)/(q − 1), n = qr.

Moreover, Γ has four distinct eigenvalues

qr−1(qr − 1), qt−1, 0, −qt−1.
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Construction of divisible design Cayley graphs

Proposition 2.

For any t > 2 there is at least one permutation ϕ such that S is
closed under inversion.

Moreover, if t is odd, then

ϕ = [1, t− 1, t− 3, . . . , 2, t, t− 2, t− 4, . . . , 3].

If t is even, then the permutation is more complicated and
depends on the factorization of t.
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Divisible design Cayley graph with small number of
vertices

If q = 2, r = 2, then we have parameters (12, 6, 2, 3, 3, 4).

Divisible design Cayley graph with parameters (12, 6, 2, 3, 3, 4) is
known as the line graph of the octahedron.

My colleagues Dmitry Panasenko and Leonid Shalaginov found
all divisible design graphs up to 39 vertices by direct computer
calculations. Could not find only divisible design graphs with
parameters (36, 24, 15, 16, 7, 8). This case turned out to be very
difficult to calculate.

These results are available on the web pages

http://alg.imm.uran.ru/dezagraphs/ddgtab.html
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Divisible design graphs with small number of vertices

If q = 3, r = 2, then we have parameters (36, 24, 15, 16, 4, 9).

There are known exactly three non-isomorphic divisible design
Cayley graphs with parameters (36, 24, 15, 16, 4, 9). Two of them
can be obtained from our Construction. We get one graph with
a generating set S1, and another with a generating set S2.

In the tables on the next slide we show how a generating sets S1
and S2 is allocated to the cosets of N in G.
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Calculations in GAP
G := SmallGroup( 36, 9 );;
StructureDescription( G ); "(C3× C3) : C4"
pc-group with 4 pc-generators and relations:
f12 = f2, f22 = id, f33 = id, f43 = id,
f3f1 = f3 ∗ f42, f4f1 = f32 ∗ f42, f3f2 = f32, f4f2 = f42.
all other pairs of generators commute.
H := SylowSubgroup( G, 2 );; GeneratorsOfGroup( H );; [f1, f2]
N := SylowSubgroup( G, 3 );; GeneratorsOfGroup( N );; [f3, f4]

f1i N \Mi

f1 [ f4, f3∗f4, f42, f32∗f4, f3∗f42, f32∗f42]
f2 [f3, f4, f32, f42, f32∗f4, f3∗f42 ]

f1∗f2 [f3, f4, f32, f3∗f4, f42, f32∗f42]
id [f3, f32, f3∗f4, f32∗f4, f3∗f42, f32∗f42]

Mi [id, f3, f32] [id, f3∗f4, f32∗f42] [e, f32∗f4, f3∗f42] [id, f4, f42]

f1i N \ aiMi

f1 [id, f3, f3∗f4, f42, f32∗f4, f32∗f42]
f2 [id, f32, f3∗f4, f42, f32∗f4, f3∗f42 ]

f1∗f2 [id, f3, f4, f3∗f4, f42, f3∗f42 ]
id [ f4, f3∗f4, f42, f32∗f4, f3∗f42, f32∗f42]

ai∗Mi f32∗[id, f3∗f4, f32∗f42] f3∗[e, f32∗f4, f3∗f42] f32∗[e, f4, f42] [e, f3, f32]
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Divisible design graphs with small number of vertices

Γ1 := CayleyGraph( G, S1 );;
AutomorphismGroup(Γ1);;
"((((C3 x C3 x C3) : (C2 x C2)) : C3) : C2) : C2"

Γ2 := CayleyGraph( G, S2 );;
AutomorphismGroup(Γ2);;
"(((C3 x C3 x C3) : (C2 x C2)) : C3) : C2"

The spectra both of graphs are the same.

{241, 312, 03, (−3)20}.
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Divisible design graphs with small number of vertices

If q = 2, r = 3, then t = 7 and we have parameters
(56, 28, 12, 14, 7, 8).

There are exactly five non-isomorphic divisible design Cayley
graphs with parameters (56, 28, 12, 14, 7, 8). Just like in the
previous case this was confirmed by direct computer
calculations. They all come from a group whose structural
description is (C2xC2xC2) : C7.

This is SmallGroup(56, 11) in GAP.

We get three divisible design graphs by generating set S1 and
permutations [1, 6, 4, 2, 7, 5, 3], [1, 6, 3, 7, 2, 4, 5], [1, 6, 2, 3, 5, 7, 4].

We have constructions for the two remaining graphs as well.
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Divisible design graphs with small number of vertices

AutomorphismGroup(Γ1);
"(C2 x C2 x C2 x C2 x C2) : (C7 : C3)"
AutomorphismGroup(Γ2);
"C2 x C2 x ((C2 x C2 x C2) : C7)"
AutomorphismGroup(Γ3);
"(C2 x C2 x C2) : (C7 : C3)"
AutomorphismGroup(Γ4);
"(C2 x C2 x C2 x C2 x C2 x C2) : PSL(3,2)"
AutomorphismGroup(Γ5);
"(C2 x C2 x C2) : ((C2 x C2 x C2) : PSL(3,2))"

The spectra of all these graphs are the same.

{281, 421, 06, (−4)28}.
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Calculations in GAP
LoadPackage( "grape" );
G := SmallGroup( 56, 11 );;
S7 := SylowSubgroup( G, 7 ); F7 := GeneratorsOfGroup( S7 );
f1 := F7[1];;
S2 := SylowSubgroup( G, 2 ); F2 := GeneratorsOfGroup( S2 );
f2 := F2[1];; f3 := F2[2];; f4 := F2[3];;
N := Group( f2, f3, f4 );; M1 := Group( f2, f3 );; M := [ ];;
for i in [ 1 .. 6 ] do
Add( M, M1f1

−i

); od;
Add( M, M1 ); nel := Elements( N );; NM := [ ];;
for i in [ 1 .. 7 ] do
x := Filtered( nel, x -> not x in M[i] );
Add( NM, x ); od;
S := [ ];; phi := [ 1, 6, 4, 2, 7, 5, 3 ];
for i in phi do
for j in [ 1..4 ] do
y := ( f1i ) ∗ NM[Position(phi, i)][j];
Add( S, y );
od; od;
CG := CayleyGraph( G, S );
A := CollapsedAdjacencyMat( CG );
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THANK YOU VERY MUCH!
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